Abstract. We obtain pointwise upper bounds on the derivatives of the heat kernel on Damek-Ricci spaces. Applying these estimates we prove the L p -boundedness of Littlewood-Paley-Stein operators.
Introduction and statement of the results
In this article we prove estimates of the derivatives of the heat kernel on a Damek-Ricci space. Applying these estimates we prove the L pboundedness of Littlewood-Paley-Stein operators. For the statement of our results we need to introduce some notation.
A Damek-Ricci space S is a solvable extension S = A⋉N of a Heisenberg type group N, equipped with an invariant Riemannian structure. They are named after E. Damek and F. Ricci, who noted that they are harmonic spaces, [7] . As Riemannian manifolds, these solvable Lie groups include all symmetric spaces of the noncompact type and rank one. Most of them are nonsymmetric harmonic manifolds, and provide counterexamples to the Lichnerowicz conjecture.
Let −∆ S denote the associated Laplace-Beltrami operator, whose L 2 spectrum is the half line [Q 2 /4, +∞), and Q the homogeneous dimension of N (see Section 2 for more details). Then, the heat kernel h t of S is the fundamental solution of the heat equation ∂ t h t = −∆ S h t . It is a radial convolution kernel on S, i.e. h t (x, y) = h t (d(x, y)). Then, by realizing the group S as the unit ball in the corresponding Lie algebra s, the heat kernel can be expressed as a radial function h t (r), where r is the geodesic distance to the origin in the ball model. Let n be the dimension of S.
One of the main objectives in the present article is to prove the following result. Denote by H t = e −∆ S t the heat semigroup on S. Fix i ∈ N. Then, for all σ ≥ 0 we consider as in [2, 11] , the σ-maximal operator
and the Littlewood-Paley-Stein operator
Next, we apply Theorem 1 in order to prove the following result.
Theorem 2. Suppose that S is a Damek-Ricci space. Then, the operators
There is a very rich and long literature concerning heat kernel estimates in various geometric contexts. See for example [1, 4, 5, 9, 14] , and the references therein. Davies and Mandouvalos in [8] obtained optimal estimates of the heat kernel in hyperbolic spaces and Anker, Damek and Yacoub in [3] , obtained estimates of the heat kernel in the case of Damek-Ricci spaces. The time derivative of the heat kernel has been estimated in [13] for hyperbolic spaces, in [11] for some manifolds of exponential volume growth, and in [10] in a more general setting.
The Littlewood-Paley-Stein operator was first introduced and studied by Lohoué [12] , in the case of Riemannian manifolds of non-positive curvature. In a variety of geometric settings it has been proved that H max σ and H σ are bounded on L p , p ∈ (1, ∞), under some conditions on σ (see for example [12] and [2] ).
Let us now outline the organization of the paper. In Section 2 we recall some basic definitions about Damek-Ricci spaces and the heat kernel. In addition, we recall some results providing estimates of the heat kernel and estimates of its derivatives. In Section 3 we prove Theorem 1. In Section 4 we study the L p -boundedness of LittlewoodPaley-Stein operators.
Throughout this article the different constants will always be denoted by the same letter c. When their dependence or independence is significant, it will be clearly stated.
The corresponding connected Lie group N is then called of Heisenberg type, and we shall identify N with the Lie algebra n via the exponential map:
Now, if we consider the semi-direct product S = N ⋉ R * + , defined by
then S is solvable connected Lie group, with Lie algebra s = v z R and Lie bracket
Let us endow S with the left invariant Riemannian metric which agrees with the inner product on s at the identity and is induced by The associated left-invariant Haar measure on S is given by
+ k is the homogeneous dimension of N. Similarly to the case of hyperbolic spaces, these general groups S can be realized as the unit ball
in s, through a Cayley type transform:
where
In the ball model B(s), the geodesics passing through the origin are the diameters and the geodesic distance to the origin is given by
and the Riemannian volume is
where dσ denotes the surface measure on the unit sphere ∂B(s) in s and n = dimS = m + k + 1.
2.2.
The heat kernel on Damek-Ricci spaces. If κ = κ(r) is a locally integrable radial function and * |κ| denotes the convolution operator whose kernel is |κ|, then in [3, Theorem 3.3] it is proved that
where φ λ are the elementary spherical functions and Q is the homogeneous dimension of the Heisenberg type Lie group N. Using polar coordinates on S, [3, p.656],
Denote by h t the heat kernel on the Damek-Ricci space S. Then, h t is a radial right-convolution kernel on S:
Then, the following estimate holds:
for t > 0 and r ≥ 0 (see [3] for details). Consequently, (6) implies the upper bound
4t . Also, in [3, p.669 ] the authors derive the following gradient estimate:
4t . Estimates of the derivatives of the heat kernel are obtained by Mandouvalos and Tselepidis in [13] for the case of real hyperbolic spaces, and Grigory'an in [10] derived Gaussian upper bounds for all time derivatives of the heat kernel, under some assumptions on the ondiagonal upper bound for h t on an arbitrary complete non-compact Riemannian manifold M. More precisely, he proves that if there exists an increasing continuous function f (t) > 0, t > 0, such that
, for all t > 0 and x ∈ M, then,
where the sequence of functions f i = f i (t), is defined by
Proof of Theorem 1
In this section we give the proof of Theorem 1. More precisely we shall prove the following estimate: for all ǫ > 0 and i ∈ N, there is a c > 0 such that
for all r ≥ 0 and all t > 0. For the proof of (10) we need several lemmata. The following lemma is technical but important for the proof of Theorem 1.
and assume that for fixed r ≥ 0 the function f r : (0, +∞) → R, satisfies
Then, for all ǫ > 0, there is a constant c > 0, such that for all r ≥ 0,
Proof. Firstly, for all δ > 0, we note that by applying twice the mean value theorem, one can prove that
Note that t −→ t −α (1 + t) β is a decreasing function of t, since α > β,
Thus (14) and the estimates (12) and (13) Thus,
From (11) it follows that δ ≤ ǫt. Thus
Consequently,
Cλ ǫ + C * 2 , and similarly
Thus, from (15), (16) and (17) it follows that
γ × e −((D * +D)t/2+(B * +B)r/2+(C * +Cλǫ)r 2 /8t) .
We shall now apply the estimate (9) of Grigory'an in the case of Damek-Ricci type.
Lemma 4.
Suppose that S is a Damek-Ricci space. For all i ∈ N there is a constant c > 0 such that
Proof. We note that according to (7),
Thus, we can apply (9) with
Consider the sequence of functions f i , which is defined by
Note that f is an increasing function, since n/2 > m, thus we can invoke (9) . By an induction argument we get that
Then, by (9) and (19) we get that
Next, we use Lemma 3 and an inductive argument in order to obtain a sequence of estimates for the time derivatives. 
for all t > 0 and r ≥ 0, where m = n−3 2 and c is a constant that depends on ǫ, i, k. Furthermore the sequences β 
and the initial conditions We shall prove that L(ℓ) holds true. Indeed, from the estimates of the heat kernel in (7), we have that
Thus 
From the validity of L (ℓ − 1), we get that for i − 1 and i + 1 we have that
,
ℓ−1 . Thus, by Lemma 3 applied for the function f r (t), it follows that Remark. The constant c = c(i, ℓ, ǫ) in relation (21) of Lemma 5 depends on i, ℓ and ǫ and it increased to infinity (when either i → ∞ or ℓ → ∞ or ǫ → 0), but we only need the fact that it is finite for fixed i, ℓ, ǫ. For ℓ = 0 we have to prove that for all i ∈ N, we have that γ Let us assume now that L(ℓ − 1) holds true. Thus, for all i ∈ N, we have that
We shall prove that L(ℓ) holds true. Recall that by the induction assumption, for all i ∈ N, for i − 1 and i + 1 we have that γ . We shall prove that L(ℓ) is valid for all ℓ ∈ N. We proceed once again by induction in ℓ ∈ N.
For ℓ = 0 we have to prove that for all i ∈ N, γ 
Thus the statement L(ℓ) is valid and the proof of Claim 2 is complete. 
. This is a homogeneous linear recurrence relation with constant coefficients and the solutions of this equation are given by
where ρ 1 , ρ 2 are the roots of the equation
Thus, we conclude that
Since 0 ≤ γ i ≤ 1, we get C 2 = 0, otherwise lim i→∞ γ i = ∞. Also, since γ 0 = 1, we get C 1 = 1. Thus, from (30) for C 1 = 1, C 2 = 0, we get (29) and the proof is complete. 
.
Taking now into account that if α, β > 0 then there exists a constant c = c(α, β) such that x α ≤ ce βx for all x > 0, we conclude that for every ǫ > 0, there exists a constant c > 0 such that
, and the proof of Theorem 1 is complete.
Proof of Theorem 2
In this section we apply the estimates of the derivatives of the the heat kernel and we prove that the operators H max σ and H σ defined in Section 1 are bounded on L p (S), p ∈ (1, ∞) provided that
We shall give only the proof for H To prove the theorem, we shall prove the L p -boundedness of the above operators separately.
